NON-ABELIAN GKM THEORY 



OLIVER GOERTSCHES AND AUGUSTIN-LIVIU MARE 

Abstract. We describe a generalization of GKM theory for actions of arbi- 
trary compact connected Lie groups. To an action satisfying the non-abelian 
GKM conditions we attach a graph encoding the structure of the non-abclian 
1-skclcton, i.e., the subspacc of points with isotopy rank at most one less 
than the rank of the acting group. We show that the algebra structure of the 
equivariant cohomology can be read off from this graph. In comparison with 
ordinary abclian GKM theory, there are some special features due to the more 
complicated structure of the non-abelian 1-skelcton. 
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1. Introduction 

Given an equivariantly formal action of a compact torus T = (S ,1 ) r on a compact 
connected manifold M, the by now classical Chang-Skjelbred Lemma S3,, Lemma 2.3] 
states that the equivariant cohomology H^(M) of the action (with real coefficients) 
is, as an algebra over the ring H*(BT) = S(t*), determined by its 1-skeleton, i.e., 
the subspace M r _i t of points in M whose isotropy group has codimension at most 
one in T. Important progress was made by Goresky, Kottwitz, and MacPherson, 
who, originally in the context of algebraic actions of tori on complex projective 
varieties, found an explicit combinatorial description of H^(M) in terms of the T- 
action on M r _ij, see Theorem 7.2]. In fact, their result holds for any T-action 
on M, under the additional assumptions that the fixed point set of the T-action 
is finite and M r -t t T is a union of 2-spheres. (In the case of an orientable M, 
the last condition is equivalent to the pairwise independence of the weights of the 
isotropy representations at the fixed points). The relevant data can be encoded in 
a graph with vertices corresponding to the fixed points and edges corresponding to 
the 2-spheres in M r -t t T. 

This approach to equivariant cohomology, nowadays referred to as GKM theory, 
has received much attention in the last years. For example, the interplay between 
the combinatorics of the GKM graph and the geometry of M has been investigated 
in the case when M is symplectic and T acts in Hamiltonian fashion, see, e.g., [P3] . 
[T4] . and also when M is a quotient G/H of two compact connected Lie groups G 
and H of equal rank and T is a maximal torus in H, see Various versions and 
generalizations of GKM theory were proposed: Guillemin and Holm (TO] allowed the 
group action to have non-isolated fixed points (in the setting of Hamiltonian torus 
actions on symplectic manifolds). In [B], the first named author, together with 
Nozawa and Toben, considered GKM theory for Cohen-Macaulay torus actions, 
which are similar to equivariantly formal actions, but for which the fixed point 
set is replaced by the orbits of lowest dimension. Actions of arbitrary, possibly 
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non-abelian, topological groups on certain stratified spaces have been considered 
by Harada, Henriques, and Holm in [15] . 

Our aim is to present a generalization of the classical GKM theory to the action 
of a non-abelian compact connected Lie group G on a compact connected manifold 
M. As already motivated by the Borel localization theorem, see, e.g., [9] Theorem 
C.70], the natural replacement for the fixed point set in this context is the space 
M max of points whose isotropy group has rank equal to the rank of G. In Section 
[2] we will show that the natural replacement of M t -\_t is the space M r _i of points 
whose isotropy rank is at most one smaller than the rank of G, in the sense that 
there is a non-abelian version of the Chang-Skjelbred Lemma involving this space, 
see Theorem 12.21 

Having thus laid the theoretical foundation for our theory, we will, after re- 
viewing (a slight generalization of) the classical GKM theory in Section [3j develop 
non-abelian GKM theory in Sections |4][6] under the so-called non-abelian GKM 
conditions: 

(i) The G-action is equivariantly formal. 

(ii) The space M max consists of finitely many G-orbits. 

(iii) For every p £ Af max , the weights of the isotropy representation of G p on 
T p M are pairwise linearly independent. 

We remark that these conditions are equivalent to the ordinary (abelian) GKM 
conditions for the induced action of a maximal torus of G. 

Our main task will be to understand the structure of the space M r _ 1 . In the 
torus case, the GKM conditions imply that M r _i } x is always the union of two- 
dimensional manifolds which connect the fixed points, and on which the torus acts 
with one-dimensional maximal orbits (i.e., very simple cohomogeneity-one man- 
ifolds). Abstractly, these can be defined as the closures of the components of 
Mr-i.T \ M T , where M T is the fixed point set. In the non-abelian setting, we will 
still consider the closures N of the components of M r _i \ M max . Although these 
subspaces of M are not necessarily smooth, see Remark |4.12[ the group G acts on 
them with cohomogeneity-one in the sense that their G-orbit space is homeomor- 
phic to either a closed interval or a circle. Any of the spaces N above is of one of 
the following three types: 

(I) The case which is most similar to that of a 2-sphere in the 1-skeleton of a 
torus action is that of a space N whose G-orbit space is a closed interval, 
with both endpoints of the interval corresponding to orbits in M max . 
(II) It can happen that the G-orbit space of N is an interval, but only one 
of the endpoints corresponds to an orbit in M max . In the torus case this 
phenomenon occurs only if one allows nonorientable manifolds; then, there 
can appear real projective two-planes in M r _i : j-, see Section [3] In the 
non-abelian setting this phenomenon is not connected to orientability, see 
Example |6.4| 

(III) The case when the G-orbit space of A is a circle can only appear if N is 
not smooth, see Example 5.1 This case has no analogue for torus actions 
on manifolds. 

The GKM graph associated to a torus action contains a vertex for each fixed point 
and an edge for each two-sphere in the 1-skeleton connecting the two vertices which 
correspond to the two fixed points in the sphere. By analogy the vertices of the 
nonabelian GKM graph to be constructed in Section [6] should be related to the 
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orbits of maximal rank, and the edges to the spaces N above. However, this simple 
analogy is not sufficient: for example, we see from case (II) above that we need a 
second type of vertices representing those endpoints which correspond to orbits not 
contained in M max . For the detailed construction of the non-abelian GKM graph, 
we refer to Section [6] 

A final comment concerns the effectiveness of our method for computing the 
5(g*) G -algebra Hq(M). This can also be done by using the well-known formula 

H* G {M) = H* T {M) W{G \ 

where T c G is a maximal torus and W(G) the corresponding Weyl group. As 
already pointed out, in our context the algebra H^(M) can be expressed by means 
of the classical GKM theory. Since the action of W(G) on this algebra can also be 
made precise, the formula above leads to concrete descriptions of Hq{M). Although 
such a description has in general a more complicated appearance than the one which 
results from our approach, it can, in principle, be reduced to that one. However, 
a considerable amount of work is sometimes needed to get this reduction. For 



a discussion of concrete examples we refer to Remark 6.7 Perhaps even more 
important than the simplicity of our presentations of the equivariant cohomology 
algebra is their "naturality" in the sense that they reflect closely the geometry of 
the action. In other words, our main concern here is not of combinatorial nature, 
but rather of geometric nature. 



2. A NON-ABELIAN CHANG-SKJELBRED LEMMA 

Let G be a compact connected Lie group of rank r acting on a compact connected 
manifold M. For each i = 0, . . . , r we define Mj := {p G M | rankG p > i). We also 
write M max := M r . 

Consider first the case when the Lie group G is Abelian, i.e., a torus T of rank 
r. Then, we have M max = M T , the fixed point set of the action. Assuming 
that the action is equivariantly formal, it is well-known that the restriction map 
H^(M) -> H^(M T ) is injective. The Chang-Skjelbred Lemma [1 Lemma 2.3] 
then states that its image is the same as the image of Hj,(M r _i) — > H^(M T ). Put 
together, we have a short exact sequence 

(1) — > Ht{M) — > H^(M T ) — > ff£ +1 (M r _i, M T ). 

In this section we derive a non-abelian version of this short exact sequence, see 
Theorem 12.21 below. 

From now on, G is again an arbitrary compact connected Lie group of rank 
r. We need some considerations concerning the (Krull) dimension of certain (G- 
equivariant cohmology) H* (-BG)-modules, which will be simply denoted by dim. 
The following result is a slight generalization of [H Lemma 4.4]. It can be proven 
with exactly the same arguments as that result (the only new ingredient needed in 
the proof is the general result saying that if if is a compact, possibly non-connected, 
closed subgroup of G, then the dimension of H* (BK) over H* (BG) is equal to the 
rank of K, see, e.g., Proposition 2.6]). 

Lemma 2.1. dim H^{M,Mi) <i-l. 

We are now in a position to state and prove the main result of this section. 
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Theorem 2.2. If an action of a compact connected Lie group G on a compact 
connected manifold M is equivariantly formal, then 

— ► H* G (M) — ► H G (M max ) — ► H G +1 (M r _ u M max ) 

is exact. 

Proof. The injectivity of H G (M) — > H G (M max ) was proven in Proposition 4.8]. 
The exactness at H G (M m!ix ) can be proven with the same method as the exactness 
of the Atiyah-Bredon sequence for torus actions [3J Main Lemma] , see also [I] . We 
decided to include the proof here for the sake of completeness. Because 

— ► H* G (M) — > H* G (M max ) — > H* G +1 (M, M max ) — ► 

is exact, we have depth H G (M, M max ) > r — 1. On the other hand we have 



dimH G (M, M max ) < r - 1 by Lemma 2.1 so it follows that H G (M, M max ) has 



dimension r — 1 (recall that, in general, depth cannot exceed dim). 

Since dim H G (M, M r _i) < r — 2, the image of the natural map H G (M, M r _x) 
Hq(M, M max ) has dimension at most equal to r — 2, hence it is equal to (since 
otherwise, by [H Lemma 4.3], it would have dimension equal to r- 1). It follows 
that 

— > H* G (M, M max ) — > H G (M r _i, M max ) — > tf* +1 (M, M r _0 — > 

is exact. Thus, an element in the kernel of H G (M max ) — >■ H G +1 (M r _i, M max ) must 
already lie in the kernel of H G (M max ) — > H G +1 {M, M max ) and hence is in the image 
of fl£(M) -> H G {M max ). ' □ 

Remark 2.3. The theorem suggests that there might exist a non-abelian version 
of the Atiyah-Bredon sequence as in [2]. However this is unclear, as to copy the 
proof given there one needs to know that the modules H G (Mi, Mj+i) are Cohen- 
Macaulay of dimension i. This is so far only proven for % = r: [7j Corollary 4.5] 
shows that H G (M r , M r+1 ) — H G (M max ) is a free module over H*(BG). 

3. Abelian GKM theory 

In this section we review the theorem of Goresky, Kottwitz, and MacPherson 
[SI Theorem 7.2] (see also [TU Section 11.8]) concerning the description of the 
cqui variant cohomology of a torus action in terms of the 1-skeleton. A compact, 
connected manifold M with an action of a torus T is a GKM space if: 

(i) The T-action on M is equivariantly formal. 

(ii) The fixed point set M T is finite. 

(iii) For every p £ M T , the weights of the isotropy representation of T on T p M 
are pairwise linearly independent. 

The theory we present here is slightly more general than the classical one, in the 
sense that the manifold M is not required to be orientable; hence the connected 
components of the fixed point sets of (codimension-one) subtori of T are not nec- 
essarily orientable. Consequently, there might be two-dimensional submanifolds in 
the 1-skeleton that are not necessarily spheres which need to be taken into account 



(see Lemma 3.3 and Example 3.7 below): these new features are reflected in the 



resulting GKM graph by the presence of some stars, like for instance in Figure [2j 
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3.1. The abelian 1-skeleton. We set r := rankT and consider the subspace 
M r _i ={p£ M | dim T p > r — 1} of M, also called the 1-skeleton of the action. 
It is the union of the fixed point sets of finitely many codimension-one subtori of 
T. The following result, which is Theorem 11.6.1 in [T2], states that any connected 
component of the fixed point set of a subtorus of T contains a T- fixed point. We 
give another proof of this result here which does not use the notions of equivariant 
Thorn and Euler class. Note that the lemma is more general than needed here, i.e., 
it only requires the action to be equivariantly formal. 

Lemma 3.1. If the action of a torus T on a compact connected manifold M is 
equivariantly formal and H C T is a subtorus, then any connected component of 
the fixed point set M H contains a T -fixed point. 

Proof. Suppose that there exists a connected component of M H , call it N, which 
does not contain any T-fixed point. We isolate N from the rest of M H by a T- 
equivariant open tubular neighborhood, call it U. We set V := M \ N, which 
is also a T- invariant open subset of M. By the argument in the proof of [T2l 
Theorem 11.4.1], the support of H^(U n V;C) is contained in the union of the 
complexified Lie algebras of all isotropy groups of points in U H V. None of these 
groups contain H, hence (because H is connected) the union above cannot contain 
f) ® C, where f) is the Lie algebra of H. In particular, H^(U n V;C) is a torsion 
H* (BT; C)-module. We now consider the Mayer- Vietoris sequence of the pair U, V 
in equivariant cohomology. The map H^(U n V; C) — ► H^ +1 (M; C) which arises in 
this sequence is identically zero, since it is a homomorphism of H* (BT; C)-modules 
whose domain is a torsion module and whose range is a free module. Thus the 
Mayer- Vietoris sequence splits into short exact sequences: 

(2) — > H^(M;C) — > Ht(U;C) ® H^(V;C) -> H£(U D V;C) — > 0. 

As all the fixed points of the action are contained in V, the natural restriction 
map Ht(M; C) — > H^(M T ; C) (which is injective by equivariant formality, see Q) 
factors through H*(V; C). Thus, H* (M; C) -> H^(V; C) is injective, which, via the 
short exact sequence ([2]), implies that the restriction map H^(U; C) — > H^(U (~}V; C) 
is injective. But then the support of H^(U <~)V; C) contains the support of H^(U; C), 
which in turn contains rj ® C (because H^{U;C) ~ H£(N;C) ~ H^ /H (N;C) ® 
S((t) ® C)*))). We obtained a contradiction, which finishes the proof. □ 

Remark 3.2. The result stated in the lemma may fail to be true in the case when 
the group H is not connected. Consider for example the canonical S^-action on 
52 and the subgroup Z 2 = { — 1, 1} of S 1 . One of the connected components of 
- >2 ) Z2 is diffcomorphic to a circle and contains no 5 1 -fixed points. 

From now on we will assume that the T-action on M satisfies the GKM condi- 



tions above. Using Lemma 3.1 one shows p~2l Theorem 11.8.1] that any positive- 
dimensional component of a fixed point set of a codimension-one subtorus of T 
is two-dimensional. We will refer to these components as the components of the 
1-skeleton M r -\. The following lemma describes these submanifolds. 

Lemma 3.3. Let T x TV — > N be a nontrivial action of a torus T on a compact, 
connected, two-dimensional manifold N with nonempty fixed point set. Then: 

(a) The kernel K of the action is of codimension one in T . 
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(b) N is diffeomorphic to S 2 or M.P 2 in such a way that the action of the circle 
T/K corresponds to the standard action of S 1 on S 2 respectively RP 2 . 

In particular, the T -action has two or one fixed points, depending on whether N is 
diffeomorphic to S 2 or M.P 2 . 

Proof. Because the T-action has fixed points, it cannot be transitive. It is also 
nontrivial, which implies that it is of cohomogeneity-one. The result then follows 
readily from the classification of cohomogeneity-one actions of compact Lie groups 
on two dimensional compact manifolds, see, e.g., [191 Section 6]. There are only 
three such actions that are effective, namely the actions of S 1 on S 2 , M.P 2 , respec- 
tively the Klein bottle K 2 . The first two actions are standard. To describe the 
third one, we recall that K 2 can be written as the orbit space (S 1 x 5 ,1 )/Z 2 , where 
the Z 2 -action is given by (z\,Z2) *— > (— zi, z^ 1 )- The S^-action on K 2 is given by 
multiplication on the first factor. This action has no fixed points, so we can rule it 
out. □ 

3.2. The GKM graph. By the short exact sequence the map H^(M) — > 
H?p(M T ) is injective and its image is the same as the image of the map iT^(M r _i) — » 
LP r (M T ). To understand this image, we first need to consider the two special sit- 
uations described in Lemma |3.3| and compute the corresponding equivariant coho- 
mology algebras: 

Lemma 3.4. (a) Assume that a torus T acts on the sphere S 2 with unique fixed 
points p and q, such that a codimension-one subgroup K C T acts trivially. 
Then the restriction map H^{S 2 ) H^({p}) © H^({q}) = S(V) © S(i*) 
defines an isomorphism between H^(M) and the space of all pairs (/,<?) € 
S(t*) © S(V) such that f\t = g\^. Here t is the Lie algebra of K. 
(b) Assume that a torus T acts on the projective space MP 2 with unique fixed 
point p. Then the restriction map H^(RP 2 ) — > H'^,{{p\) = S{i*) is an 
isomorphism. 

Proof. Both assertions are consequences of the equivariant Mayer- Vietoris sequence; 
see also [121 Theorem 11.7.2] for case (a). In case (b), one considers tubular neigh- 
borhoods around p and the unique exceptional orbit, and uses that the restriction 
map from the tubular neighborhood of the exceptional orbit to a regular orbit in- 
duces an isomorphism in cohomology. Note that both statements are special cases 
of Corollary 4.2]. □ 

The classical GKM graph encodes the structure of the 1-skeleton of an equiv- 
ariantly formal torus action under the assumption that it consists of just a union 
of 2-spheres. In our more general situation, the graph has some new features, as 
follows. There are two types of vertices, dots and stars. As in the orientable case, 
the dots correspond to the T-fixed points. Two dots p and q are joined by an edge 
if there exists a 2-sphere in the 1-skeleton whose T-fixed points are p and q; the 
edge is labeled with K, the kernel of the T-action on the sphere. Each real pro- 
jective two-plane in the 1-skeleton contains exactly one T-fixed point, say p, and 
one exceptional T-orbit. We draw a star representing the exceptional orbit, and an 
edge connecting this star with the dot which corresponds to p. 

Remark 3.5. If the dimension of M is 2n (the codimension of the fixed point set is 
necessarily even, and, by assumption, the fixed point set is finite), then from each 
dot emerge exactly n edges, whereas from a star emerges always exactly one. 
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The equivariant cohomology can be read off from the GKM graph as follows: 
Theorem 3.6. Via the natural restriction map 

H* T {M) -> H^(M T ) = S(t*), 

P eM T 

the equivariant cohomology S(l*)-algebra H^p(M) is isomorphic to the set of all 
tuples (fp)p£M T with the property that if p,q € M T are joined by an edge labeled 
with K, then f p \t = f q \t- 

Proof. Using Lemma |3.4[ the same proof as in ordinary GKM theory applies, see 
[HI Theorem 7.2]. □ 

Note that the components of the 1-skeleton which are projective planes, that is, 
the edges connecting a dot with a star in the GKM graph, have no contribution to 
the equivariant cohomology. Nevertheless, we include them into the GKM graph 
for two reasons: firstly, we want the GKM graph to encode the entire structure of 
the 1-skeleton, and secondly, in the natural generalization of the GKM graph to 
actions of non-abelian groups to be defined below, the stars will in fact contribute 
nontrivially. Note that one could also label edges connecting dots with stars (and 
the stars themselves) with the respective isotropy groups, but this is not necessary 
because this data is of no relevance for the equivariant cohomology. 

We end this section with an example of a GKM graph of a torus action on a 
non-orientable manifold. 

Example 3.7. We consider the real Grassmannian G2(M 5 ) = G/K, where G := 
SO(5) and K := S(0(3) x 0(2)), with the action of T := {1} x S0(2) x S0(2), which 
is the standard maximal torus of SO (5). This Grassmannian is not orientable: in 
general, Gfe(IR n ) is orientable iff n is even. We will show that our action satisfies 
the GKM assumptions (i)-(iii) above. Then we will construct the GKM graph and 
describe the equivariant cohomology S'(t*)-algebra. 

The group K has two components, namely the identity component K — S0(3) x 
S0(2), along with goK n , where g is the diagonal matrix Diag(l, 1,-1, 1, —1). We 
consider the canonical projection map ir : G/Kq — > G/K: it is the covering map 
that arises from the ^-action on G/Kq given by multiplication by go from the 
right. 

We start with the GKM description for the T-action on G/Kq, by following [11] 
(the theory derived there is applicable, as G is a compact semisimple Lie group 
and Kq a connected closed subgroup of maximal rank). The T-fixed point set 
is W(G)/W(K ). The Lie algebra of T consists of diagonal blocks of the type 
{0,A(e 1 ),A(e 2 )), where 

m »(»-/)- 

We regard the roots as elements of the Lie algebra t of T, by putting on this a T-in- 
variant metric. Then G and Kq have a common root, namely ct\ :— (0, A(l), A(0)). 
The Weyl group W(Kq) is generated by the reflection through the line perpendicular 
to a±. Thus W(Kq) is the W r (G)-stabilizer of the root a\ + ct2 in Figure [l] (the 
left hand side diagram represents the roots of G, which lie in the Lie algebra of 
T). That is, the set (G/K ) T can be identified with the W(G)-orbit of a± + a 2 - 
This makes four points altogether, see the right hand side diagram in Figure [T] we 
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can also see there the six T-invariant 2-spheres in G/Kq, which are represented by 
thickened lines. 




Figure 1. 

We would like now to describe the fixed points of the T-action on G/K. Since 
7r : G/Kq — > G/K is a Z2-covering, which is also T-equi variant, wc deduce that 
(G/K) T = w{(G/K ) T ): indeed, if p = n(q) G G/K is T-fixed, where q € G/K , 
then the subspace Tq of G/Kq is contained in 7r -1 (p), thus it must be equal to {q}. 

In order to see concretely what (G/K) T is, one needs to understand the action 
of g on (G/K ) T . Concretely, g induces an element of the Weyl group of G and 
we need to understand how does this act on the roots a% and a\ + a 2 (see again 
Figure We have a x = (0, A(1),A(0)) and ai + a 2 = (0, A(0), A(l)). Thus 

(3) Ad SD (ai) = -ai, Ad 9o (ai + a 2 ) = -(ai + a 2 ). 

By identifying G/Ko with the G-adjoint orbit of ol\ + a 2 , we conclude that (G/K) T 
has two fixed points, namely the cosets modulo Z 2 of a% and a.\ + a%. 

The weights of the T-isotropy representation at any of these two fixed points are 
pairwise linearly independent, since the same is true for all isotropy representations 
of G/Kq at the fixed points and ir : G/Kq —> G/K is a T-equivariant local diffeo- 
morphism. We deduce that the 1-skeleton of G/K consists of the fixed point sets of 
the same subtori of T as those which determine the 1-skeleton of G/Kq. Thus the 
1-skeleton of G/K consists of the images under tt of the six spheres represented in 
Figure [l] By equation ([3]), the "horizontal" and the "vertical" spheres are invariant 
under Ad 5o : indeed, the latter is an element of the Weyl group and any such ele- 
ment permutes the T-invariant spheres. Hence the image of these two spheres are 
copies of KP 2 . For similar reasons, each of the two "oblique" spheres on the left 
hand side of the vertical axis are transformed under Ad go into one of the other two 
"oblique" spheres; under tt, out of the four "oblique" spheres in G/K one obtains 
only two in G/K. Let T\ and T 2 be the circles (1-dimensional subtori in T) which 
leave these two spheres pointwise fixed. Their Lie algebras are the kernels of a 2 , 
respectively 2a± + a 2 . Now, a general element of T is a diagonal block of the form 
{l,R(e 1 ),R(d 3 )), where 

R(9) := ( COS ° - Sin /V 
v ' ^ smS cost/ J 
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This gives rise to a natural presentation T = S 1 x S 1 and also to the following 
expressions: 

T 1 ={(z,z)\zeS 1 } 
T 2 = {(z,z- 1 ) \z£S 1 }. 
These are the labels carried by the two edges in the GKM graph, see Figure [2] 




Figure 2. 

In conclusion, 

H^(G 2 (R 5 )) ~ {(/, g) £ S(t*) ® S(t*) \ f - g is divisible by a 2 (2 ai + a 2 )} 

- {(f,g) e M[si,s 2 ] 2 | f(s,s) = g(s,s), f(s,-s)=g(s,-s),s£ R}. 

4. The non-abelian 1-skeleton 

Let us consider a group action G X M — > M, where G is a compact connected 
Lie group and M a compact connected manifold. Set r := rankG. If the action 



is equivariantly formal, then, by Theorem 2.2 we can identify Hq(M) with an 
5(g*) G -subalgebra of ffg(M max ), namely with the image of the map Hq{M t -x) — > 
-ff^Mmax). Our next goal is to obtain a description of this image. This will be done 
under the assumption that the following non-abelian GKM conditions are fulfilled: 

(i) The G-action is equivariantly formal. 

(ii) The space M max consists of isolated G-orbits. 

(iii) For every p £ M max , the weights of the isotropy representation of G p on 
T p M are pairwise linearly independent. 

These conditions will be in force throughout the rest of the paper. In this section we 
obtain some preliminary results, which concern exclusively the structure of M r _i. 
(For obvious reasons, this space deserves to be called the non-abelian 1-skeleton of 
the G-action.) 

4.1. Abelian and non-abelian GKM conditions. Let us fix a maximal torus 
T C G. Recall from Section [2] the notation Mi := {p £ M \ rankG p > i}, and let 
us also define M^t '■= {p £ M \ dimT p > i}. 

Lemma 4.1. M, = GM i>T . 

Proof. If p £ Mi, then G p contains a maximal torus T' of dimension at least i. There 
exists g £ G such that gT'g^ 1 C T. Consequently T gp = G gp n T = gG v g~ x n T 
contains gT'g -1 , and thus has dimension at least i. Conversely, if p £ Mi t T, then 
G p contains T p , hence it has rank at least i. □ 
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Lemma 4.2. The G-action satisfies the non-abelian GKM conditions if and only 
if M is a GKM space relative to the T -action (see Section^^. 

Proof. Equivariant formality of the G- and the T-action are equivalent by [9, Propo- 
sition C.26]. By Lemma 4.1 we have M max — GM T , so if M T is finite, then M max 
consists of finitely many G-orbits. Conversely, if M max consists of finitely many 
G-orbits, then M T is finite because there are only finitely many T-fixcd points in 
a homogeneous space of the form G/H with rankG = rank-ff (more precisely, the 
fixed point set is the quotient of Weyl groups W(G)/W(H)). The conditions on 
the isotropy representations are obviously equivalent because the weights of the G p - 
representation are by definition the weights of the representation of the maximal 
torus T C G p . □ 

Example 4.3. If G is a semisimple compact Lie group, and H C G a connected 
closed subgroup with rankiJ = rankG, then the iTaction on G/H by left mul- 
tiplication satisfies the non-abelian GKM conditions. In fact, it is shown in [TT1 
Theorem 1.1] that the action of a maximal torus in H satisfies the GKM condi- 
tions. The special cases Sp(n)/Sp(l)™ and F4/Spin(8) are investigated in [17] and 
[18] respectively. 

Lemma 4.4. If the G-action satisfies the non-abelian GKM conditions, then the 
induced action of T on M mm satisfies the usual GKM conditions, see (i)-(iii) in 
Section^ 

Proof. Any component of M max is a homogeneous space of the form G/H, where 
H has maximal rank in G. Since H odd (G / H) = 0, the T-action on this component 
is equivariantly formal. Conditions (ii) and (iii) in the definition of GKM space, 
see Section [3] are also clearly satisfied. □ 



Example 4.5. For equivariantly formal torus actions, Lemma |3.1| shows that 
M mSLX — M T is the infinitesimal bottom stratum for the action. For general G- 
actions this is no longer true, even if they satisfy the non-abelian GKM conditions. 
As an example, consider the cohomogeneity-one action of G = S 3 x S 3 with group 
diagram S 3 x S 3 D S 1 x S 1 ,A(S 3 ) D A(S' 1 ), where A(H) denotes the diagonally 
embedded subgroup {(h,h) \ h £ H} in S 3 x S 3 . One of the singular isotropies is of 
maximal rank, thus M max — S 3 x S 3 /S 1 x S 1 . Furthermore, this implies using [S] 
Corollary 1.3] that the action is equivariantly formal. The second singular orbit is 
part of the infinitesimal bottom stratum, but not a subset of Af max . Condition (iii) 
in the definition of a GKM space is also fulfilled: Let p £ M max with G p = S 1 x S 1 . 
The three weights of the isotropy representation at p are pairwise linearly inde- 
pendent, as their kernels are given by {(x,0)} C g p , {(0, x)} C Q p , respectively 
{(x,x)} C Q p . 

4.2. Abelian and non-abelian 1-skeletons. Recall from Section |3] that the 
GKM conditions for the T-action on M imply that M r -t t T can be written as a finite 
union \J ieI Si U[J - g j Pj where Si are 2-spheres and Pj real projective planes. Each 
Si and each Pj is a connected component of the fixed point set of a codimension-one 
torus T C T, rcsp. 1} C T; Si contains exactly two T- fixed points, say pi and 
Pj contains one T-fixed point, say rj. Observe that M r _! = {J ieI GSi U Ujej GPj 
by Lemma [4~T| Each space GSi contains the components Gpi and Gqi of M max ; 
similarly, GPj contains Grj. The next lemma shows that they contain no other 
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components of M max ; note, however, that the two components of GSi n M„ 
might coincide, see Example |4 . 7| below . 



Lemma 4.6. (a) Take i £ I such that GSi 7^ Gpi, i.e., GSi is not just a G- 
orbit. Then Sif]M max — {pi, q{\ and consequently GSif]M mei ^ = GpiUGqi. 
(b) Take j £ J such that GPj ^ Grj, i.e., GPj is not just a G -orbit. Then 
Pj n Af max = {fj} and consequently GPj D M max = Grj. 

Proof, (a) Take p £ Si n M max . There exists g £ G such that gTg -1 fixes p, hence 
gp £ M T . The orbit Ggp = Gp has a common point with Si at p. The T-action 
on this orbit satisfies the usual GKM conditions, see Lemma |4.4| There are two 
cases: first, if p is an isolated fixed point of Tj in Gp, then p is fixed by T, hence 
V £ {j>i,9i]s second, if p is not isolated in (Gp) * , then the positive dimensional 
connected components of the latter set are 2-spheres or real projective planes, and 
one of them contains p. On the other hand, Si is the connected component of M Ti 
which contains p. Hence Si C Gp, which implies that GSi = Gp, contradiction, 
(b) We use the same argument as in the proof of (a). □ 

Example 4.7. The orbits Gpi and Gqi mentioned in point (a) of the lemma are 
not necessarily different. Let us consider for example the quaternionic projective 
line HP 1 , which consists of all 1-dimensional H- linear subspaces of H 2 . It has a 
canonical transitive action of the symplectic group Sp(2) of all 2 x 2 matrices A 
with entries in H satisfying A A* — I-i- We are interested in the action of the group 
which consists of all elements in Sp(2) whose entries are in C, where the latter 
is canonically embedded in H: this group is obviously isomorphic to the unitary 
group U(2). That is, we look at the cohomogeneity-one action of G := U(2) on 
M := MP 1 . We choose the standard maximal torus T in U(2), i.e., the space of all 
diagonal unitary matrices. The T-fixed points are [1 : 0] and [0 : 1] (see, e.g., |17j). 

As [0:1]= g[l : 0] for g = K g J G U(2), there is just one orbit of the type Gp, 



p £ M . See Example 6.4 for a continuation of this example. 



The intersection of two submanifolds of the form Si or Pj consists of at most 
two points in M T . We are now interested in the intersection of the G-orbits of two 
such spaces: 

Lemma 4.8. (a) If i\,ii £ I are such that GSi t ^ GSi 2 then the intersection 
GSi t n GSi 2 is empty or consists of one or two G-orbits in M max . 

(b) If ji , j2 £ J are such that GPj 1 ^ GPj 2 then the intersection GPj 1 D GPj 2 
is empty or consists of one G -orbit in M max . 

(c) If i £ I and j £ J are such that GSi GPj then the intersection GSi H GPj 
is empty or consists of one G -orbit in M max . 

Proof. We only give the details of the proof for (a); the other two points can be 



proven by similar methods. Because of Lemma 4.6 we only need to show that 
GSi 1 n GSi 2 is contained in M max . Indeed, assume that there exists p £ S^, 
p ^ M max such that gp £ Si 2 for some g £ G. We have T p = and T gp — Tj 2 , 
hence T i2 = T gp = gT p g~ l PI T = gT ix g~ x n T C gT^g^ 1 , which actually means 
T i2 = gTi^ 1 . This implies that M Ti i = g~ 1 AI Ti z. The connected components of 
p in the previous two spaces are S^, respectively g~ 1 Si 2 , hence Si t = g~ 1 Si 2 and 
consequently GSi 1 = GSi 2 , contradiction. □ 



12 



OLIVER GOERTSCHES AND AUGUSTIN-LIVIU MARE 



Example 4.9. It can happen already for torus actions that the intersection GS^ fl 
GSi 2 consists of two orbits (i.e., fixed points in this case). A simple example is 



given by the restriction of the action in Example 4.7 to a maximal torus of U(2) 



4.3. G-orbits along T-transversal geodesies. The results of this section are 
important tools in studying the structure of M T _\. They require the choice of a 
G-invariant Riemannian metric on M. We fix i £ / and observe that the sphere 
S{ is T-invariant. We consider an injective geodesic segment /ij : [0, 1] — > Si which 
is T-transversal, i.e., perpendicular to each T-orbit it intersects, and such that 

= Pi and M 1 ) = 1i- Since s i = T M»([0, 1]), we have GSi = G^([0, 1]). 
We denote by Gi the isotropy group of /i^, i.e., the group of elements that fix /ii 
pointwisc. Clearly, Gi C G Mi ( t ) for all t. 

We assume that GSi ^ Gpi. Recall that Si is a component of the fixed point 



set of a certain codimension-one subtorus Ti C T. By Lemma 4.6 the torus Tj is 
maximal in both Gi and G^m for all < t < 1; we may therefore form the Weyl 
groups W(Gi) and W{G^ t )) (for < t < 1) with respect to T t . As W(Gi) C 
W{G tli [t)) for such t, we can consider 

H* G (Gfn(t)) = H*(BG Mt) ) = H*(BTi) w ( G ^ 

as a subring of 

H*(BG t ) =H*(BTi) w ^ Gi \ 

Lemma 4.10. Assume that GSi 7^ Gpi. Then one of the following two cases holds: 

(a) For all < t < 1, we have G/j,i(t) Si — Tfii(t). In this case, W(G fJii M) — 
W{Gi) andH*(BG fli{t) ) = H*(BG i ). 

(b) For all < t < I, we have Gfj,i(t) n Si = TfXi(t) U T/i.j(l — t). Then there 
exists gi £ W {G ^.^) \ W{Gi) such that gi/J-i{t) = pi{\ — t). In particular, 
Gpi = Gq t . For < t < 1, t ^ | we have W{G^ (t) ) = W(G t ) and 
H*(BG Mt) )=H*(BGi). 

Proof. Assume that there exists < to < 1 such that Gpi(to) n Si is strictly larger 
than Tpi(to), i.e., we are not in case (a). Then there exists h € G such that 
hpi{to) = Hi(t\) for some t\ ^ to, t\ £ (0, 1). We may assume to < t\. Both Tj 
and hTih~ x are maximal tori in G Mi ( tl ) = hG^n^h , so there exists k £ C^jfj 
such that khT i (kh)^ 1 — Ti. Define Qi :— kh. Because gi normalizes Tj and sends 
Hi(to) to Hi(ti), it maps Si to itself. Therefore, the curve giPi is contained in 
Si and is (because gi acts as an isometry) perpendicular to the T-orbits in Si. 
Thus, there are only two possibilities: either giPi(t) = /j,i(t + <i — to) for all t or 
9ipi{t) = Pi(to + ti — t) for all t. The first case is impossible because pi{t\ — to) 
is not contained in M max . Therefore, gii^i(t) = Hi{to + 1\ — t). This implies that 
/i,(io + ti) = qi, so to + ti = 1, i.e., giPi(t) = fXi(l — t) for all t; thus, the first 
statement in case (b) is true. 

It remains to show that in case (a), W(Gi) = W(G^.(t)) for < t < 1 and the 
same equality holds in case (b) for < t < 1, t^\. But any element in W{G tli ny) 
that does not fix fii pointwise has to reflect the geodesic \Xi in the point Hi(t) by 
the same arguments as above, which is only possible for t = | in case (b). □ 

Let us now take j £ J and consider the real projective plane Pj, which is a 
component of M T ' , Tj being a certain codimension-one subtorus of T. We also 
consider an injective geodesic segment rjj : [0, 1] — > Pj which is T-transversal and 
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such that r)j(0) — Tj and Tr)j{\) is an exceptional T-orbit. Then r/j([0, 1]) intersects 
each orbit of the T-action on Pj exactly once. We denote by Gj the subgroup of G 
which fixes r\j pointwise. 

We assume now that GPj ^ Grj . By Lemma |4.6[ the torus Tj is maximal in 
both Gj and Gwt) for < t < 1. For such t, we have W(Gj) C W(G ti .m), and 
therefore 

H* G (G Vj (t)) = H*(BG nAt) ) = H*{BT 3 ) W{G ^ 

is a subring of 

H*{BGj)=H*{BTj) w ^\ 
With the methods of the previous lemma, we can show as follows: 

Lemma 4.11. Assume that GPj ^ Grj. Then for all < t < 1 we have Gr]j(t) 
Pj = Tr,j(t), W(G Vj(t) ) = W{G 3 ), and H*(BG Vj(t) ) = H*(BG 3 ). 



Remark 4.12. Lemmata 4.10| and 4.11 show that if the spaces GSi or GPj are 
smooth (and not a single G-orbit), then they become cohomogeneity-one manifolds 
relative to the G-action. There are situations when this is not the case. Let us 
consider for instance the canonical action of H on K/H, where the latter is an 
irreducible symmetric space of rank at least two and satisfies rank if = rank ii 
(take for instance the Grassmannian SU(4)/S(U(2) x U(2))). This action satisfies 



the non-abelian GKM hypotheses, by [IT] and Lemma 4.2 above. Let T C H be 
a maximal torus. The coset eH is a fixed point of the T-action and we consider a 
two-dimensional submanifold R in the 1-skeleton of the T-action which contains it. 
We claim that the space HR is not smooth. Indeed, if it were, then the ii-action 
on it would have cohomogeneity-one with orbit space [0, 1] and eH would be a 
singular orbit. From the slice theorem, H then acts transitively on the unit sphere 
in T c hHR. Thus T e nHR is an irreducible 7J-submodule of T e nK/H . Since the 
symmetric space is irreducible, we deduce that T s hHR = T^KjH and conclude 
that H acts transitively on the unit sphere in T e uK/H: this is in contradiction 
with the cohomogencity of the isotropy representation of H on K/ H at eH being 
rank K /H, which was assumed to be at least two. 

Another concrete situation when GSi is not smooth will be presented in Exam- 
ples |5.1| and |6.6| 



5. Non-abelian GKM theory 

In this section we accomplish the goal mentioned at the beginning of the pre- 
vious section, that is, we identify the image of the (injective) map Hq{M t -i) — » 
i?c(Af max ) in the presence of the non-abelian GKM conditions. The main results 
are Propositions |5.5| and |5.6| for a more systematic presentation, see Section [6j 
especially Theorem |6.2| 

We would like to emphasize that, in contrast with the previous section, all con- 
siderations made here will be independent of the choice of a maximal torus T . The 
first step will be an intrinsic description of the non-abelian 1-skeleton M r _i, which 
is going to be presented in the following subsection. 

5.1. The components of the 1-skeleton. Consider the connected components 
of M r _i \ M max and their closures: these will be called the components of the 
1-skeleton. Note that for any maximal torus T C G, these are nothing but the 
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associated spaces GSi and GPj from the previous section which are not single G- 
orbits. We summarize some of the results concerning them which were obtained in 
the previous section: 

• Their union is M r -\. 

• Each of them is G-invariant and contains one or two G-orbits in M max . 

• The intersection of any two of them is contained in M max (possibly empty) . 

• The G-orbit space of any of them is homeomorphic to a closed interval or 
a circle. 

The last statement follows from Lemmata |4.10| and |4.11| In fact, if N is a 
component, then it fits into one of the following three cases, see also items (I)- (III) 
in the introduction: 

(I) N/G ~ [0, 1] and N contains exactly two orbits in M max , which correspond 
to and 1. 

(II) N/G ~ [0, 1] and N contains exactly one orbit in M max , which corresponds 
to 0. 

(Ill) N/G ~ R/Z = S 1 and N contains exactly one orbit in M max . 

By fixing a maximal torus T C G like in the previous section, the components 
are of the form GSi, i € I or GPj, j € J. More precisely, if Si is like in Lemma 



4.10 (a) and Gp t ^ Gqi, then GSi is of type (I), whereas if Gpi — Gqi, then GSi is 



of type (III); if Si is like in Lemma 4.10 (b), then GSi is of type (II). Also of type 



4.11 



(II) is any component of the form GPj like in Lemma 

We can illustrate these situations by concrete examples. Of type (I) are: any 
2-sphere in the 1-skeleton of a GKM torus action as well as the spaces GS± and 



GS2 to be mentioned in Example 6.3 below. In Example 3.7 the two IP s in the 



1-skeleton are of type (II); of the same type is the component GS in Example 4.7 



(and 6.4 below). We will now give an example of a component of type (III). (Note 



that, by Remark |4. 12 and the general theory of cohomogeneity-one actions, a type 



(III) component is not smooth. 

Example 5.1. Consider the compact, connected, and simply connected Lie group 
of type G2 along with M, the adjoint orbit of the point p in Figure [3] That 
diagram represents the roots of our group, which lie in the Lie algebra t of a 
maximal torus T. Denote by K the connected subgroup which contains T and 
whose roots are the vectors represented by dotted lines in the diagram. Note that 
K is isomorphic to SU(3). The relevant action for us is the one of K on M, It 
satisfies the GKM conditions, see Example |4.3| The T- fixed points of M are the six 
dots in the diagram: they turn out to be the orbit of p under the Weyl group W(K). 
Especially important for us are p and q :— s a (p) (in general, if 7 is a root, then s 7 
is the reflection in the line 7- 1 -). There is a T-invariant 2-sphere in M between p 
and q, which we denote by S. It is not contained in Kp, because Kp is a X-adjoint 
orbit and a is not a root of K. But p and q are in the same W(K)-ovh\t, hence we 
have Kp = Kq. We will now show that S satisfies the conditions in Lemma |4.10| 
(a): this implies immediately that KS/K ~ S 1 . Concretely, if fi : [0, 1] — > M is 
a T-transversal injective geodesic segment in S with /x(0) = p and //(l) = q, then 
Kfi(t) fl S = T(x(t), for all < t < 1. Indeed, let us assume that the contrary is 
true. Like in the proof of Lemma |4.10| this implies that there exists k € K such 
that kfi(t) = fi(l — t) for all t 6 (0, 1). In particular, kp — q and kq — p. Since 
p G t is a regular point for the adjoint action of K, the if-stabilizer of p is equal to 
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Figure 3. 

T. Hence kp = q implies readily that k G Nk{T). Finally observe, by inspection, 
that for any of the six elements w of W{K), we have either wp ^ q or wq ^ p. See 
Example |6.6| for a continuation of this example. 



The following notion will play an important role: 

Definition 5.2. Let JVbea component of the non-abelian 1-skeleton. An injective 
geodesic segment 7 : [0, 1] — !• M is adapted to N if: 

• the trace of 7 is contained in N 

• 7(0) G M max 

• 7 is G-transversal, i.e., it is perpendicular to any G-orbit it meets at the 
intersection point 

• if N is of type (I) or (II), then the map [0, 1] -> N/G given by t i-> Ghf(t) 
is a bijection; if N is of type (III), then the map [0, l]/o~i — S 1 — >• N/G 
given by t 1 — y Gj(t) is well defined and bijective. 

Assume that T C G is fixed and N is of the form GSi or GPj like in the previous 
section. In the situations described by Lemma [4. 10 (a), respectively Lemma 4.11| 



Hi is adapted to GSi an d r\j is adapted to GPj; for Si like in Lemma 4.10 (b), 
a geodesic segment adapted to GSi is s M- //j(s/2), < s < 1. Any such curve 
remains an adapted geodesic segment after translations by elements of G or, if N 
is of type (I), the reparametrization induced by s <— > 1 — s, s G [0, 1]. The following 
converse result holds: 

Lemma 5.3. Let N be a component of the non-abelian 1-skeleton. Then there 
exists a geodesic segment adapted to N ; it is unique up to G -translations and, if N 
is of type (I), the reparametrization induced by s <— > 1 — s, s G [0,1]. 

Proof. Let p G N be any point with rankG p = r — 1. Let K C G p be a maximal 
torus and consider the component R of M K containing p. Let also T be a maxim al 



torus in G with K C T. The point p is not in M T , hence, by Lemma 4.2 R 
is a two-dimensional T-invariant submanifold of M. By Lemma |3.1| the T-action 
on R fits into one of the cases described in Lemma |3.3| Consequently we have 



T p Tp C T p R, hence {TpGp) 1 - n T p i? has dimension at most 1. The tangent vector 
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at p to any admissible geodesic segment which goes through p is contained, up to 
a Gp-translation, in this intersection. Indeed, if v <= T p M is such a vector, then 
the group (G p ) v (being equal to the G-stabilizer of points on the geodesic that are 
sufficiently close to p) has rank r — 1 and hence contains a G p -conjugate of K: thus, 
the geodesic segment is, up to a G p -translation, contained in R. The claim follows 
because adapted geodesic segments are supposed to meet every G-orbit in N. □ 

For each component N we choose a geodesic 7^ adapted to it, along with the 
group G 7JV , the pointwise G-stabilizer of jn. Both stabilizers G 7JV (o) and G^ N n) 
contain G 7JV . Let g 7N , 7w (o) and 7N (i) be the Lie algebras of these groups. We 
will make the following identifications: 

H* G (G 1N (Q)) = H*{BG 1N{0) ) = S( 07n(o) ) g ™<°> , 

H* G (G 1N (\)) = H*(BG 7N{1) ) = S( ; N(1) ) G ^(i>, 

H* G (G lN (t)) = H*{BG 1N ) = S( Q ; N f^, 

where < t < 1. In this way, the canonical maps H * (BG lN ( ) ) — > H* (J5G 7JV ) and 
H*{BG~ N tW) — > H*{BG lN ) are those induced by restriction from 7JV (o) respec- 
tively 7n(:l) to 7N . 

5.2. The 1-skeleton and equivariant cohomology. In Propositions |5.5| and |5.6| 

we will give a complete description of the 5({j*) G -algebra Hq(M). First we need a 
Lemma, whose proof is essentially the same as that of [3 Proposition 4.2Q 

Lemma 5.4. Let N be a component of the nonabelian 1-skeleton, and (a, b) C [0, 1] 
be any interval. Let Tjv be a maximal torus in G 7JV (of rank r — 1). Then 

HZ(G lN {{a,b)))-S(t* N ) w ^ 

as graded rings. 

Proof. Let T be a maximal torus in G such that Tjy C T. We first calculate the 
fibers of the natural map 

(4) Gx K (T lN ((a,b)))^G lN ((a,b)) 7 

where K = {g € N G (T N ) \ g(T lN {(a,b))) C Tj N ((a, &))}. Assume that [g,tj N (s )} 
is mapped to 7jv( s i) S 7j\r((a, 6)), i.e., gtjN(so) — Jn{si). By the last condition in 
the definition of an adapted geodesic segment, this implies that sq — s±. Thus, the 
fiber of 7jv(si) is the set of elements of the form [h, Tzv(si)] with h € G 7jv ( Sl ) , which 
is isomorphic to G lN ( Sl) /G 1n{si) ^K . We clearly have G 1n[si) ^K C ^Vg 7jv(si) (TV). 
The converse inclusion holds, because the connected component of 7jv(si) in M Tn 
is in fact a two-dimensional component of the abelian 1-skclcton of the T-action on 
M and is left invariant by any g € G which fixes 7jv(si) and normalizes TV; the 
action of T on this component is of one of the two types described in Lemma |3.3| 
and both 7jv and g"/N are contained in the component and T-transversal relative 
to this action, which implies readily that g € G 7JV and g(Tj^(s)) C Tj]\i(s), for all 
s G (a, b). Thus, the fiber of 7jv(si) is the quotient G 1n ( Si )/Ng 1n(bi) (Tn), which 
is acyclic by [2 Lemma 3.2] (if G 7JV ( Sl ) is connected, see [16l Sect. III.l, Lemma 



Note that there is a slight error in [7] Proposition 4.2]: on the right hand side of the equation 
one has to consider the subgroup of NQ(i p ) consisting of those elements which leave invariant 
M l P'P instead of the whole normalizer NQ(i p ). 
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(1.1)]). The Leray spectral sequence of the Borel construction associated to Q 
thus collapses at the ^-term, which implies that 

H* G (G 7N ((a,b))) = H* K (T 7N ((a,b))). 

Next we note that K is the subgroup of G generated by T and Nq 1n (Tn) (given 
k 6 K, we have kj^(si) G Tjn(si), hence there exists t G T such that tk is 
in G 7JV ( Sl ) and normalizes Tn, which implies that tk £ G 7JV , by an argument 
already used before). Since the identity component of Ng- in (Tn) is Tn, the identity 
component of K is T. It follows that 

H* K (T lN ((a,b))) = (S(t* N )®H* T/TN (T lN ((a,b)))) K/T = S(t N ) w ^ 

because the orbit space of the T/T/v-action on TjN((a,b)) is just (a, b), which is 
contractible. □ 

Proposition 5.5. Let N be a component of the non-abelian 1-skeleton. 

(a) If N is of type (I), then the image of the restriction map 

h* g (n) -> H G (NnM max ) = s( Q ; N{0) ) G ^ e s( B ; N{1) f^ 

consists of all pairs (f,g) such that /| 0tjv = g\ Si , N . 

(b) If N is of type (II), then the image of the restriction map 



H* G (N) ^H* G (Nn M max ) = S(g 



consists of all f for which there exists g G ^(3^y N (i)) 1} such that /ls 7JV = 

(c) If N is of type (III), then the image of the restriction map 
H* G (N) ^H* G (Nn M max ) = S( Q ; n(0) ) g ^ 

consists of all f such that f\ g = (Ad* h f)\ g , where h G G is such that 
h^ N (Q) =7jv(1). 

Proof. We prove (a) and (b) at the same time. Consider the covering 

(5) N =(N\G lN (l))U(N\G lN (0)). 

We claim first that H* G (N \ Ghf N (l)) H G (G~/ N (0)) = <S'(0 7iv( o)) G7JV<o) ■ For that, 
let e > be so small that for all < t < e, the isotropy group G 7N ( t ) is equal to 
G lN . We consider the covering of N\ G^n(1) given by 

(6) N\G lN {l) = UUV, 

where U = G7jv([0, e)) and V = G7jv((e/2, 1)). Then, G7jv(0) is a deformation 
retract of U via the G-equivariant retraction r s (g"/N(t)) = 97N(st), s G [0, 1]. By 
Lemma pTi} both H* G (V) and H G (U n V) are isomorphic to S(i N ) w(G -'N\ and 
hence isomorphic to each other. Thus, the equivariant Mayer- Vietoris sequence of 
the covering ^ becomes short exact 

— ► H* G (N \ G 7A r(l)) — > H* G (U) 8 H* G (V) — > H* G (U n V) — > 

and shows that the restriction map H G (N\Gj N (l)) -> H G (U) = S(0* JV ( O )) G ' w(o) is 
an isomorphism. Using this, together with the analogous statement for N\Gjn(0) 
and another application of Lemma 5.4 this time to Gjn((0, 1)), we see that the 
equivariant Mayer- Vietoris sequence of the covering |5]) takes the form 

. . . — > h* g (n) — > s( B ; N{0) f^ ® s( B ; N{1) f^^ — > s(4) w ( G ^) _> . . . 
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This implies (a) and (b). 

For (c), we use the same method of proof, but this time with the covering 

(7) N = G 7W ([0, e) U (1 - e, 1]) U G lN {{e/2, 1 - e/2)). 



By Lemma 5.4 and since G7jv(0) = G7jv(1), the corresponding equivariant Mayer- 
Vietoris sequence takes the form 

. . . — ► H* G (N) -^S( 9 ; n{0) ) g ^o> e s(t* N ) w ^) 

(8) — > S(i* N ) ) © S(t^) w(G ™ >—>... 

Let /i 6 G be such that 1ijn(0) = 7jv(l)- Then, G 7JV m = /iG 7jv (o)/i _1 and hence, 
Adjj : "S(fl7 N (o)) 7JV<0) - ► *S'(07iv(i)) G7JV<1) i s an isomorphism. The claim follows 
because an element (/, g) contained in the middle term of ^ is mapped to (f\t N — 
g,(Ad* h f)\ tN -g). ' ' □ 

Let us denote the components of M mlx by Oa, where A is in a certain (finite) 
set A. 

Proposition 5.6. The image of the canonical map H G (M r -i) — > H G (M max ) = 
(Baza Hg(Pa) consists of all (fA)A&A with the property that: 

• if there exist a component N such that Nf~)M max — Oa^Ob, for A, B G A, 
A =/= B, then is in the image of the restriction map H G (N) —¥ 
H* G (0 A )(5H* G (0 B ). 

• if there exist a component N such that N n M max = Oa, for A € A, then 
fA is in the image of the restriction map H G (N) — > H g (Oa)- 

Proof. From the long exact sequence of the pair (M r _i, M max ) we deduce that the 
image of the map H G {M r -\) — > H G (M nia - x ) is equal to the kernel of H G (M max ) — > 
^ +1 (A/ r _ 1 ,M max ). We set 

U := (jG 7J v([0,e)) U G 7w ((l - e, 1]) 

N 

where N runs through the components of the non-abelian 1-skclcton of the G- 
action, and e > is chosen so small that M max is a deformation retract of U (see 



the proof of Lemma 5.5). Moreover, U is open in M r -\: the complement of U in 
M r _i = {j N G7at([0, 1]) is equal to \J N Gjn([e, 1 — e]), which is a compact space. 
By using the homotopy, respectively the excision property we obtain: 

H G +1 {M r - 1 , -Mmax) = ff* +1 (M r _!, U) = ff* +1 (M r _! \ M max , C/ \ M max ). 

Since M r _i \M max is equal to the disjoint union of all N\M metK , the last term in the 
previous equation is equal to N H G +1 (N \ Af max , G7jv((0, e)) U G7at((1 — e, 1))). 
By using again the excision, respectively homotopy property, the last sum is equal 
to 

0i^ +1 (iv,ivnAf max ). 

N 

The result stated by the proposition follows now from the long exact cohomology 
sequence of the pairs (JV, N H M max ). □ 
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6. NON-ABELIAN GKM GRAPHS 

6.1. Abstract non-abelian GKM graphs. Recall that Propositions [§~5| and [576] 

give a complete description of the G-equivariant cohomology of M associated to 
the group action G x M — > M which satisfies the non-abelian GKM conditions. 
The main observation of this section is that the output, i.e., Hq(M) as an S(g*) G - 
algebra, can be encoded into the so-called non-abelian GKM graph associated to 
the action. This is a special kind of graph, which can be abstractly defined as 
follows: 

Definition 6.1. A non-abelian GKM graph (associated to G) is a diagram which 
consists of: 

• finitely many circles (sometimes just simple closed contours), indexed by 
A e A, whose interiors are pairwise disjoint 

• finitely many dots, each dot a lying inside a circle and labeled with a closed 
subgroup G a C G 

• finitely many stars, lying outside the circles and which are labeled with 
closed subgroups of G as well 

• edges that join pairs of dots or a dot with a star; each edge is labeled with a 
group which is contained in the groups corresponding to the two end-points 

• arrows that join two dots; an arrow going from a to b, where a and b are 
dots, is labeled with an isomorphism Q a — > 

Each circle contains a distinguished dot, the representative, which is joined with 
any other dot inside that circle by exactly one arrow emerging at the representative. 
There are no other arrows. 

Here comes the precise construction. 

6.2. Construction of the non-abelian GKM graph. The input consists of the 
components N of the non-abelian 1-skeleton M r _i; each of them comes equipped 
with an adapted geodesic segment jjf. 

Step 1. We draw one big circle for each connected component Oa of M max . Inside 
the circle we draw one dot, which corresponds to an endpoint contained in Oa of 
one of the chosen adapted geodesic segments. We call this point a representative 
of Oa- We attach to it the label consisting of the G-isotropy group of that point. 
In the following steps there will potentially be drawn more dots inside the circle, 
corresponding to other endpoints contained in Oa of adapted geodesic segments. 
Step 2. For each component TV of type (I) we proceed in the following way: Say 
that the two orbits in M max contained in N are Oa and Ob- At this step, we 
attach to A' a line segment and possibly one or two arrows as follows. If one of 
the two endpoints of 7at does not correspond yet to a dot inside the corresponding 
circle, then we add an additional dot inside this circle, label it with the isotropy 
group of that endpoint, and draw an arrow with tail at the representative of Oa 
and tip at the new dot. Say that the representative and the new dot correspond 
to the points p a and hp a , where h g G, and thus carry the labels G Pa , respectively 
Ghp a = hG Pa h~ 1 : then the arrow will carry the label Ad/j. (More precisely, the 
conjugation map Ch ■ g i-> hghr 1 is an isomorphism between G Pa and G/ lPa , hence 
Ad; l; i.e., its differential at e, is a linear isomorphism between the Lie algebras 
Q Pa and Qhpa-) The same procedure is used for Ob, i.e., we may need to draw an 
arrow inside the corresponding circle as well. We next join the two endpoints of 
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7 at by a line segment and label it with G 7JV . Note that, by Lemma 5.3 we may 



have translated by an element of G in such a way that at least one of its two 
endpoints is the representative of its orbit in M max and avoid in this way drawing 
the corresponding arrow. 

Step 3. Here, we consider the components of type (III). For any such component, 
the same procedure as in Step 2 applies, the only difference being that the two dots 
that are connected by the line segment are contained in the same circle, because 
the endpoints of the corresponding adapted geodesic segment are contained in the 
same orbit in M max . As before, we may have translated this geodesic segment to 
make one of its endpoints coincide with the representative of its orbit. 
Step 4- Finally, we treat the components of type (II). For any such component N, 
we first draw a star outside all circles and label it with the isotropy group G^ N ny 
We then connect it by a line segment with the dot corresponding to 7at(0) (if this 
dot does not exist yet, then introduce it, together with an arrow, as in Step 2), and 
label that line segment with G lN . Again, we may hrst replace 7at by a G-translate 
of it in such a way that 7iv(0) becomes the representative of its orbit. 



6.3. The non-abelian GKM theorem. To any non-abelian GKM graph we asso- 
ciate an S(g*) G -algebra as follows: First for each circle A we set G a '■= G a , where a 
is the representative of A. Then we consider the subalgebra of @ A S(q* a ) Ga (where 
the 5 l (g*) G -algebra structure is given by the natural restriction maps) consisting of 
all tuples (Ja) which satisfy the following two types of relations: 

• Consider an edge whose endpoints are the dots a and b. We take the 
(possibly equal) circles A and B in which a, respectively b are contained, 
as well as the arrows from their representatives to a, respectively b, labeled 
by the isomorphisms Hau ■ Qa — > Qa, respectively hub ■ Qb — > Qb- (If a or 6 
is the representative of its circle, then we set fiAa or liBb to be the identity.) 
If H is the label of the edge and t) its Lie algebra, then we must have 

Ia o h A % = } B o hzlW 

• Consider an edge, whose endpoints are the dot a and a certain star. We 
take the circle A in which a is contained and also the arrow from its rep- 
resentative to a, labeled by the isomorphism h,Aa ■ Qa Qa- (If a is the 
representative, then we set h,Aa to be the identity.) If K is the label of the 
star, H the label of the edge, and 6, respectively f) their Lie algebras, then 
we must have 

fA°h A l\ {) =g\ {j , 

for some g e S(t*) K . 

In the previous subsection we have attached a non-abelian GKM graph to a 
group action of G on M which satisfies the GKM conditions. From Propositions 
|5.5| and |5.6| we immediately deduce: 

Theorem 6.2. If the group action of G on M satisfies the GKM conditions, then 
Hq(M) is isomorphic to the S(q*) g -algebra induced by the non-abelian GKM graph 
attached to the action. 

In what follows we will give some applications of this theorem to certain concrete 
situations. 
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Example 6.3. Let G := Sp(l) x Sp(l) be the subgroup of all diagonal matrices 
in Sp(2), and T := S 1 x S 1 , where S 1 = {a + bi G H | a, 6 G E, a 2 + b 2 = 1}. 
The torus T is clearly maximal in both Sp(2) and Sp(l) x Sp(l). We are interested 
in the action of G := Sp(l) x Sp(l) on the quotient M := Sp(2)/T. The latter 
space is a principal orbit of the adjoint representation of Sp(2). It is the orbit of a 
regular element in t, the Lie algebra of T. The fixed point set M T is the same as 
the intersection of the orbit with t, and actually equal to a Weyl group orbit. The 
situation is described in Figure g the Weyl group VF(Sp(2)) is generated by the 
reflections through the lines l\, l 2 , h, and I4,, whereas W^(Sp(l) x Sp(l)) ~ Z 2 x Z 2 
is its subgroup generated by the reflections through l\ and I3. 




Figure 4. 

The corners of the two rectangles in the diagram lie respectively in the same 
Sp(l) x Sp(l)-orbit. That is, the set {Gx \ x G M T } has two elements, which are 
Gp and Gq. There are sixteen T-invariant spheres Si in Sp(2)/T, which join pairs 
of the type x, sx, where x is one the eight T-fixed points and s one of the reflections 
in W(Sp(2)). However, the set {GSi | 1 < i < 16} has only two elements, which 
are induced by the spheres Si and £2 represented in the diagram. The intersection 
of GSi with GS 2 is the union Gp U Gq. 

The GKM graph therefore has two line segments, induced by GSi and GS^- We 
have Si PI M max = {p, q} and S2 fl M max = {p, q'}. As representatives of the two 
orbits Gp and Gq we choose p and q. The G-isotropy groups of p, q, and q' are 
T. Recall that T is by definition a direct product 5 1 x S 1 . One can see that the 
principal T-isotropy groups along the spheres Si and S 2 are A := {(z, z) \ z G S 1 }, 
respectively A' := {(z, | z £ S 1 }. The Lie algebra t is the direct sum of two 
copies of K, which is the Lie algebra of S 1 . In this way we obtain a system of 
coordinates (£1,^2) on t, such that the lines h,h,h, and h are described by the 
equations t 2 = 0, ti — 1 2 = 0, ti — 0, respectively ti+t 2 = 0. We have Gq' = Gq, 
so the only thing we still need in order to complete the graph is to find g £ G such 
that q' — g q and then determine the differential of the map c go : T — > T. In fact, 
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go is in the G-normalizer of T and the differential of c go at e is just the composition 
s i s 3 (where Sj is the reflection through that is, the map (ti,t 2 ) i-> (— ij.,— £2)- 
The GKM graph is given in Figure [5j 




Figure 5. 

Thus #s p(1)xSp(1) (Sp(2)/T) is the subalgebra of M[*i,t 2 ] ®^[ti,t 2 ] consisting of 
all pairs f 2 ) with the following two properties: 

• h{h,h) ~ h{h,h) is divisible by t x - t 2 

• fi{h,t 2 ) - /a(-*i, is divisible by t x + t 2 

Example 6.4. Let us consider again the U(2)-action on HP 1 which has been de- 



fined in Example 4.7 One can distinguish two T-invariant spheres in HP 1 between 
the two T-fixed points [1 : 0] and [0:1]. To describe them, we consider the splitting 
EH = C + Cj. The two spheres are 

51 := {{zi : z 2 ] I zi,z 2 are in C, not simultaneously zero}, 

5 2 ■— {[z\ ■ z 2 j] I zi,z 2 are in C, not simultaneously zero}. 

Note that Si is in fact the U(2)-orbit of [1 : 0]. The tangent spaces to Si and 
52 at [1 : 0] are the direct summands of the splitting of Tj^ojEIP 1 into irreducible 
T-spaces; the corresponding representations of T are given by 

(z x ,z 2 ).v = ziz 2 v, zi,z 2 e S 1 ^ € C ~ T[i. 0] Si 

(zx,z 2 ).v = z ± z 2 1 v, z x ,z 2 eS^eCi! T , [ 1;0 ]5 2 . 

We consider the geodesic -f(t) := [cost; (smt)j], < t < tt/2, which joins [1 : 0] 
with [0 : 1], is U(2)-transversal, and is contained in S 2 . For small t > 0, the 
U(2)-isotropy group at -f(t) is the subgroup A' of T consisting of all (z, with 
z e C, \z\ = 1. To construct the GKM graph, we only need to observe that 
U(2)5i = U(2).[l : 0], which is just an orbit; hence the graph has just one line 
segment, which corresponds to XJ(2)S 2 . The U(2)-isotropy group at the midpoint 
7(77/4) is equal to SU(2), canonically embedded in U(2). Hence S2 fits into the 



situation described by Lemma 4.10 (b), which means that U(2)52 is a component 
of type (II) of the non-abelian 1-skeleton. (In fact, we have 11(2)5*2 = HP 1 , so it is 
the only component of the non-abelian 1-skeleton.) The non-abelian GKM graph 
is presented in Figure [6] 

A simpler way to deduce this is by simply observing that the action we investigate 
here is the cohomogeneity-one action corresponding to the group diagram U(2) D 



T, SU(2) D A', see Remark 6.5 below, especially equation (10). 

Let us now calculate explicitly Hy^JWP 1 ). To this end, we choose the co- 
ordinates (ti,t 2 ) on the Lie algebra t of T which arise naturally from writing 
T = S 1 x S . The Lie algebra of A' is isomorphic to K, which is embedded in 
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Figure 6. 

t via x i — y (x, —x). The same K is embedded into the Lie algebra su(2) of SU(2) 
via x i — y Diag(x, —x). Its image in su(2) is actually the Lie algebra of the standard 
maximal torus in SU(2). Thus H*(BSV(2)) = S (su(2)* ) sv ^ consists of all / G R[t] 
which are fixed by the Weyl group of SU(2). But this group is isomorphic to Z2, 
which acts on R via x i-» —x and consequently on R[t] via fit) M> f(—t). In con- 
clusion, the abovementioned cohomology algebra consists of all /(ti,^) G R[ii,i2] 
with the property that f(t,—t) = /(— i, t); cquivalcntly, 

H^MP 1 ) ~ {/ G R[ti,ta] I f(h,t 2 ) - f(t 2 ,h) is divisible by h+t 2 }. 

Remark 6.5. The group action in the previous example is of cohomogeneity-one. 
Consider the general situation when a compact connected Lie group G acts on a 
compact connected manifold M with cohomogeneity equal to one, such that M/G 
is homeomorphic to a closed interval. Let G D K + ,K_ D H be the associated 
group diagram, see, e.g., [3TJ Sectionl]. Assume that the group action satisfies 
the non-abelian GKM conditions. The condition of being equivariantly formal is 
equivalent to at least one of the groups if + , if _ having rank equal to the rank of 
G, see Corollary 1.3]. As the 1-skeleton coincides with the whole M, the GKM 
graph consists of only one line segment, which either connects two dots (if both K + 
and K- are of maximal rank) or a dot and a star (if only one of K + and K_ is of 
maximal rank). In the first case, we have 

(9) H* G (M) = {(f,g)£S(t* + ) K +®S(t*_) K -\f\ t ,=g\ f) }, 
and in the second (assume that K + is of maximal rank) we have 

(10) H* G (M) = {.f G S(r + ) K + I /|„ = 5 | h for some g G S(t ) K -}. 

Note that equation ^ holds true for any cohomogeneity-one action which satisfies 
rankG = rank if + = rank K _ = ranki? + 1, even if the GKM conditions are 
not satisfied, see Corollary 4.2]. For example, consider the SO(3)-action on the 
sphere 5* 4 which is induced by the group diagram SO(3) D S(0(2) x 0(1)), S(0(1) x 
0(2)) D Z2 x Z2, see, e.g., [HJ Section 2]; the third GKM condition is obviously not 
satisfied by this action. Similarly, ([Toj) holds true whenever rankG = rank if + = 
rankif_ + 1 = rankif + 1, (to perceive this, combine [5j Corollary 4.2] with the 
injectivity of H* G {M) -> H G {G/K+)). 

Example 6.6. We now consider again the action of K on M which is described 



in Example 5.1 First, all T- fixed points are on the same if -orbit, which means 
that Ai max consists of exactly one component. The locus M\ of all points in M 
of isotropy corank at least 1 consists only of KS. Indeed, the 1-skeleton of the 
T-action on M is the union of fifteen 2-spheres among which only six have the 
if -orbit different from the if -orbit of a point. Moreover, the if -orbit of any of 
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those six spheres is equal to KS: the reason is that the two T-fixed points of such 
a sphere can be mapped to p, respectively q by an element of W(K); we then use 
[llj . namely the last paragraph in Section 2.2.5 and Theorem 2.5. To construct the 
graph, we only need to perform Step 3 once. The iT-stabilizers of p and q are both 
equal to T. Also note that S is a component of the fixed point set of the subtorus 
T a of T whose Lie algebra is a . Finally, observe that q = s a2 o s ai p. The GKM 
graph is presented in the figure below. 




Figure 7. 

We obtain the following presentation: 

H* K {M) ~ {/ G S(t*) \f-fos ai os a2 is divisible by a}. 

Remark 6.7. In the general context of a non-abelian GKM action of G on M, one 
can also compute the corresponding G-equivariant cohomology algebra by taking a 
maximal torus T C G along with the corresponding Weyl group W( G) and using 

is crucial 



the formula H%(M) = H^{M) W(G \ The result stated in Lemma 



4.2 



here: by the classical GKM theorem, see, e.g., Theorem 3.6 the algebra Hj.{M) 
can be expressed as a subalgebra of ® P £M T S(t*), which we refer to as the GKM 
algebra. The Weyl group W(G) acts canonically on M T and the action of W(G) 
on the GKM algebra is given by 

w-(fp) P £MT = (g P ) P eMT, where g p = f w -i p o w^ 1 for all p G M T . 

We conclude that Hq{M) consists of all (/ p ) pG m t hi the GKM algebra with the 
property that 

(11) fwp = fp°W~ 1 , 

for all p G M T and all w G W(G). It is interesting to compare this presentation 
with the one obtained by using our method. For instance, the equivalence is easy 



to establish in Examples 6.3 and 6.4 and we leave it as an exercise for the reader. 



Things seem to be different in Example 6.6 it is not immediately visible that 



fifteen divisibility relations involving six polynomials f p , combined with the W(K)- 



invariance conditions (11) lead to just one divisibility relation. 



References 

[1] C. Allday and V. Puppe, Cohomological methods in transformation groups, Cambridge 
Studies in Advanced Mathematics, 32. Cambridge University Press, Cambridge, 1993. 

[2] G. E. Bredon, The free part of a torus action and related numerical equalities, Duke 
Math. J. 41 (1974), 843-854. 

[3] T. Chang and T. Skjelbred, The topological Schur lemma and related results, Ann. Math. 
100 (1974), 307-321. 



NON-ABELIAN GKM THEORY 



25 



[4] M. Franz and V. Puppe, Exact sequences for equivariantly formal spaces, C. R. Math. 

Acad. Sci. Soc. R. Can. 33 (2011), no. 1, 1-10. 
[5] O. Gocrtsches and A.-L. Mare, Equivariant cohomology of cohomogeneity-one actions, 

preprint, arXiv: 1110.6310. 
[6] O. Goertsches, H. Nozawa, and D. Toben, Equivariant cohomology of K-contact manifolds, 

to appear in Math. Ann., available at arXiv: 1102 .4476. 
[7] O. Goertsches and S. Rollcnske, Torsion in equivariant cohomology and Cohen- Macaulay 

actions, Transform. Groups. 16 (2011), no. 4, 1063-1080. 
[8] M. Goresky, R. Kottwitz, and R. MacPherson, Equivariant cohomology, Koszul duality, 

and the localization theorem, Invent. Math. 131 (1998), no. 1, 25-83. 
[9] V. W. Guillemin, V. L. Ginzburg, and Y. Karshon, Moment maps, cobordisms, and Hamil- 

tonian group actions, Mathematical Surveys and Monographs, 96. AMS, Providence, RI, 

2002. 

[10] V. W. Guillemin and T. Holm, GKM theory for torus actions with nonisolated fixed points, 

Int. Math. Res. Not. 2004, no. 40, 2105-2124. 
[11] V. W. Guillemin, T. Holm, and C. Zara, A GKM description of the equivariant cohomology 

ring of a homogeneous space, J. Algebraic Combin. 23 (2006), no. 1, 21-41. 
[12] V. W. Guillemin and S. Sternberg, Supersymmetry and equivariant de Rham theory, 

Springer- Vcrlag, Berlin 1999. 
[13] V. W. Guillemin and C. Zara, Equivariant de Rham theory and graphs, Asian J. Math., 

3 (1999), 49-76. 

[14] V. W. Guillemin and C. Zara, One-skeleta, Betti numbers, and equivariant cohomology, 

Duke Math. J., 107 (2001), 283-349. 
[15] M. Harada, A. Hcnriques, and T. Holm, Computation of generalized equivariant coho- 

mologies of Kac- Moody flag varieties, Adv. Math. 197 (2005), 198-221. 
[16] W.-Y. Hsiang, Cohomology Theory of Topological Transformation Groups, Ergebnisse der 

Mathcmatik und ihrcr Grenzgebiete, Vol. 85, Springer- Verlag, New- York 1975. 
[17] A.-L. Mare, Equivariant cohomology of quaternionic flag manifolds, J. Algebra 319 (2008), 

no. 7, 2830-2844. 

[18] A.-L. Mare and M. Willems, Topology of the octonionic flag manifold, preprint, 
arXiv: 0809. 4318. 

[19] P. S. Mostcrt, On a compact Lie group acting on a manifold, Ann. Math. 65 (1957), no. 3, 
447-455. 

[20] J.-P. Serre, Algebre locale. Multiplicity, 3e ed., Lecture Notes in Mathematics, Vol. 11, 

Springer- Verlag, Berlin 1975. 
[21] W. Ziller, On the geometry of cohomogeneity one manifolds with positive curvature, Rie- 

mannian topology and geometric structures on manifolds, 233-262, Progr. Math., Vol. 271, 

Birkhauser Boston, Boston, MA, 2009. 

(O. Goertsches) Fachbereich Mathematik, Universitat Hamburg, Bundesstrasse 55, 
20146 Hamburg, Germany 

E-mail address: oliver.goertschesamath.uni-hamburg.de 

(A.-L. Mare) Department of Mathematics and Statistics, University of Regina, Regina, 
Saskatchewan, Canada S4S 0A2 

E-mail address: marealSmath . uregina . ca 



